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Abstract 

Assigning an intrinsic constant dipole moment to any held, we present a new kind 


of associative star prodnct, the dipole star product, which was hrst introduced in fhep- 


th/000803CI|| . We develop the mathematics necessary to study the corresponding noncom¬ 
mutative dipole held theories. These theories are sensible non-local held theories with no 
IR/UV mixing. In addition we discuss that the Lorentz symmetry in these theories is 
“softly” broken and in some particular cases the CP (and even CPT) violation in these 
theories may become observable. We show that a non-trivial dipole extension of A/" = 4, 
D = A gauge theories can only be obtained if we break the SU{4) R (and hence super)- 
symmetry. Such noncommutative dipole extensions, which in the maximal supersymmetric 
cases are Af = 2 gauge theories with matter, can be embedded in string theory as the the¬ 
ories on D3-branes probing a smooth Taub-NUT space with three form fluxes turned on 
or alternatively by probing a space with R-symmetry twists. We show the equivalences 
between the two approaches and also discuss the M-theory realization. 
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1. Introduction 


In the last three years a great amount of work have been devoted to the held theories 
on the Moyal plane, usually called noncommutative held theories. The noncommutative 
Moyal plane dehned by the coordinate operators with 

a:"] = ir" , (1.1) 

where 0 is a constant, can be realized in string theory as the world volume of D-branes 
in a constant background held, probed by the open strings |l|,H,^. In the absence of 
D-branes, a constant B-held can be gauged away completely. However, in the presence 
of D-branes constant helds with both p and v directions along the brane cannot be 
gauged away Q and in fact such components lead to the noncommutativity on the brane 
world volume. The ehective low energy world volume held theories on the brane turn 
out to be noncommutative (supersymmetric) gauge theories. The very characteristic of 
noncommutative gauge theories, in general, is that they are non-local theories with the 
helds ehectively describing the dynamics of “dipole” like objects . The dipole moments 
of these particles are proportional to their momentum 


dp, ~ 


dpvVv 


( 1 . 2 ) 


This dipole nature is the familiar ehect of the motion of particles in an external magnetic 
held 0 . From held theory point of view the momentum dependence of the dipole moments 
(and the corresponding non-locality) shows up in the loop expansion of the noncommuta¬ 
tive held theories as the IR/UV mixing [Q. 

The components of the B-held not parallel to the D-branes however can be gauged 
away if the B-held is a constant. This can be waived if in some way we stabilize the B-held 
along the transverse directions to the D-brane to support a non-constant B-hux. This is 
possible, for example, if we compactify the transverse direction to a brane with a varying 
size of the compact circle. Putting one leg of the B-held along that direction ehectively 
gives us a non-zero three form held. The case that we want to study further in this 
paper, however, is to stabilize the B-held when it has one leg along the brane and the other 
transverse to it. The possibility of such conhguration was discussed earlier in P,[T^,|TT 


where the “twisted” compactihcation were introduced. We shall review this in section 
hve. As discussed in []^ performing the “twisted” compactihcation leads us to introduce 
a new type of star product between the helds at the level of ehective held theories. As 
a result of the twisted compactihcation we hnd the possibility of associating a constant 
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dipole length to any field. This dipole length is proportional to the “winding” nnmber of 
the fields in the twisted directions. We shall review this in section five. Then, at the level 
of the effective field theory we obtain some sort of noncommutative field theory which we 
call “noncommntative dipole field theory” (NCDFT) to distingnish it from the theories 
on the Moyal plane. We wonld like to stress that unlike the Moyal case, the origin of the 
noncommutativity in noncommutative dipole field theories is not the noncommutativity 
in space-time, but an inherent property of each field and we can also have fields with zero 
dipole length. 

Besides the string theoretic appeal, the noncommutative dipole field theories, 
NCDFT’s, are also interesting by themselves. As we will discuss, considering some defi¬ 
nite noncommutative dipole gauge theories, there is the chance of finding a CP (and even 
CPT) violating theory. We also discuss the renormalizability of noncommutative dipole 
scalar and gauge field theories and argue that these theories are renormalizable in the 
sense that adding finite numbers of non-local counterterms at each loop level will remove 
the divergences. We show that the /3-function of the noncommutative dipole QED is not 
affected by the dipole nature of the fields. Furthermore we argue that, in general, there 
is no IR/UV mixing effect in the noncommutative dipole theories. We show that in the 
noncommutative gauge theory with a fundamental matter fields, unlike the Moyal case, 
we can have SU{N) gauge theories. However, for the adjoint matter field, we will argue 
that SU{N) is not possible and one should take U{N). 

We then study the possible supersymmetric extension of the noncommutative dipole 
theories. We show that unlike the Moyal noncommutative gauge theories, the maximal 
SUSY noncommutative dipole gauge theory is the Af = 2 (eight supercharges). 

The plan of this paper is as follows. In section 2, first we present the explicit form of 
the dipole star product and study some of its properties, such as associativity. We show 
that the usual integral over the space-time can provide a natural Tr over the C'*-algebra 
of functions with the dipole star products. Then in section 3, we study noncommutative 
dipole field theories and their renormalizability. In section 4, we discuss the SUSY exten¬ 
sion of noncommutative dipole gauge theories. In section 5, the string theory realization of 
NCDFT’s is discussed (the first two parts of this section is an expanded review of Ref. ||12|| ). 
We also discuss how the NCDFT’s can be understood as the effective field theories on D3- 
branes probing a Taub-NUT space with a B-field switched on. Section 6 is devoted to the 
M theory realizations. In section 7 we study another kind of star-product which uses both 
the dipole nature of open-strings and the noncommutativity of the underlying space-time. 
We end with a discussion and outlook. 


2 


2. Mathematical Preliminaries 

To formulate any noncommutative field theory, one should start by defining the proper 
associative star product. Then, the fields are members of the C'*-algebra of functions with 
respect to that star product. To any element of the C'*-algebra, (f)i, we assign a constant 
space-like dipole length Li and define the “dipole star product” as 

{(pi * (pj){x) = (pi{x - ^Lj) (j)j{x + ]^Li) . (2.1) 

Furthermore we need to identify the dipole moment of {(pi*(pj){x). Demanding our algebra 
to be associative, it is straightforward to show that the dipole moment of (star) product of 
two functions should be sum of their dipole moments: 

{(pi * (pj) *(pk ^ {(pi{x - ^Lj) (pj{x + ^Li)) * (pk 

- (pi{x - ^ (pk{x + ^ ) 

= (pi{x - {(p -* (p^){x + 

— (pi* {(pj * (pk) 

We would like to mention that the above star product cannot be expressed in terms of a 
commutation relation among the space-time coordinates. In other words, the noncommu¬ 
tativity in the dipole case is not a property of space-time, but originating from the dipole 
length associated to each field. 

Now we should introduce a suitable Tr on the algebra. The natural choice for the 
Tr, similar to the Moyal case, is the integral over the space-time. However naively taking 
the integral over star products of arbitrary functions, one can easily check that they do 
not enjoy the necessary cyclicity condition. This problem is removed if we restrict the 
integrand to have a total zero dipole length. More explicitly, the integral serves as the 
proper Tr, over the functions of zero dipole length: 

J (pl * (p2 * ■■■ * (pn ^ J (pn * (Pl * ■■ ■ (pn-1 , (2.3) 

with the condition that ~ where Li are the dipole lengths for (pi. In the field 

theory actions this condition is translated into the fact that any term in the proposed 
action should have a total vanishing dipole length (as well as the usual hermiticity con¬ 
ditions which guarantees the electric charge conservation). Therefore, maintaining with 
the translational invariance, in each vertex both the sum of the external momenta and the 
total dipole length should vanish. 


( 2 . 2 ) 
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Next, we should define complex conjugate of a field and the behaviour of the star 
product under complex conjugation. Demanding {(f)^ * (f)) to be real valued, i.e. 

(j)^ :1a (j) — ^ (2.4) 

fixes the dipole length of (j)^ to be the same as that of (f) though with a minus sign. Therefore 
the dipole length of any real (hermitian) field, and in particular the gauge fields, is zero. 
Then, one can show that 

*4 (2.5) 

To write down the field theory action we also need the derivative operators with 
respect to the star product. It is easy to check that the usual derivative does satisfy the 
Leibniz rule, i.e. 

9/x(</>i * </>2) = d^(j)2 , (2.6) 

i.e. they can be used as the proper derivatives for writing down the kinetic terms of the 
NCDFT’s. 

3. Noncommutative Dipole Field Theories 

Equipped with the above mathematics we are ready to formulate noncommutative 
dipole field theories (NCDFT’s). In general, to obtain the NCDFT’s actions it is enough 
to replace the product of fields in the commutative actions with the dipole star product 
Eq. (2.1) . However, one should insert the proper dipole lengths for all fields. We start 
with a simple scalar field theory and then formulate fermions and gauge theories. 

3.1. Scalar noncommutative dipole theory 

Along our general recipe, the action proposed for the scalar noncommutative dipole 
theory is 

S = J * d^(f) - IA((/)^ * (p) , (3.1) 

where W is the potential with the products replaced by star products Eq. (2.1) . We 
note that, written as a function of (p^ * (/>, it is guaranteed that the terms in the above 
action satisfy the necessary zero-dipole-length condition. Using the cyclicity condition, we 
can drop the star product in the quadratic part of the action(s) (much like the Moyal- 
star product case) and the effects of dipole moments appear only through the interaction 


4 



terms. Therefore the propagator of the above noncommutative dipole theory (and also any 
NCDFT) is the same as the commntative case. Moreover, since 

then 



Hence, even in the potential term, being only a fnnction of (f^ *(f)^ all the dipole dependence 
is removed. As a resnlt the scalar noncommntative dipole theory introdnced by the action 
Eq. (3.1) is exactly the same as its commntative connter-part. 

Noting that is also of zero dipole length, there is another possibility for potential: 
to be a f un ction of both (/)*(/)! and * (f). Hence, potential for the noncommntative dipole 
version of the (f)^ theory in the most general case is 

K = Ao((/>^ *({))* *(/)) + Ai((/)^ * (f)) * {(f)* (f)^) , (3.3) 

and therefore 

/ K = / Ao((/)V)(^)(</>V)(^) + Ai((/)V)(^ - ^)(</>V)(^ + ^)- (3.4) 

Performing loop calculations, one can show that at the level of one loop, two point 
functions will show the same kind of divergences as the commutative theory. Furthermore, 
we have both planar and non-planar diagrams (where the exponential phases involving 
the dipole length and the loop momenta appear in the loop integrals). The non-planar 
diagrams are hnite and we do not face IR/UV mixing, because the dipole length, unlike the 
Moyal noncommutative case, is a constant. However, considering the one loop four point 
function, something interesting happens now. We have planar and non-planar one loop 
four point functions and again non-planar diagrams are hnite. As for the planar diagrams, 
we face two type of divergences: those which can be cancelled with the usual counter-terms 
*/Ao = Ai, and those which cannot be absorbed in the terms already present in the action. 
Therefore, the noncommutative dipole theory with potential Eq. (3.3) is not renormalizable 
in the usual sense used for local held theories. However, these extra divergences can be 
absorbed in a term like 

/ or or 
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This procedure should be continued to the m loops order. In the loops of order m the 
divergences in this theory can be cancelled by the following choice of counter-terms: 

Tn-\- In Y Y 

^ K (3.5) 

n=0 

Although the above noncommutative dipole theory is not renormalizable in the usual 
sense, we see that the counter-terms are under strict control — in fact are of the same form 
as the original Lagrangian — and we do not require any extra degrees of freedom at the 
UV. 0 In particular if instead of the potential Eq. (3.3) we start with Eq. (3.5) (with the 
sum going to inhnity) with all the coefficient to be equal, the theory, though non-local, 
would be renormalizable in the usual sense. In fact, we will show in section 4 that, this 
special case is what one hnds from string theory. 


3.£. Noncommutative dipole gauge theory 

Here we restrict ourselves to the SU(N) gauge theories and the other gauge groups 
can be studied in the same spirit. As we discussed the gauge helds, being hermitian, 
should have a zero dipole length. So, the pure gauge theory is dehned exactly in the same 
way as the commutative gauge theory. However, the gauge helds coupled to the matter 
helds may uncover the dipole structure of the charged matter helds. In order to dehne the 
fundamental matter coupled to gauge held theory, we need the covariant derivative of a 
dipole held. This is given as: 


+ igA^ * x/j 

= + igA^{x - ^)xl}{x) . 

Then it is straightforward to check that the action 


(3.6) 


s = j , 

is invariant under gauge transformations: 


(3.7) 


xp ^ U * xp 

A^^U*A^*U-^ + -d^U * U-^ = UA^ U-^ + -d^UU-^ , 

9 9 


(3.8) 


^ We would like to comment that for the Moyal noncommutative case again we have two 
possibilities for strict renormalizabilty in the usual sense. Besides Ai = 0, the Ao = Ai case is also 


renormalizable []A| with Ai = 0 for i > 2. 
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where U G SU{N) (and of course the dipole length assigned to U is zero), i Note that all 
the fermions in the N-vector of SU{N) fundamental representation should have the same 
dipole length. We would like to comment that, unlike the noncommutative Moyal QED 
0, in the noncommutative dipole QED we can have particles with arbitrary electric 
charge. Expanding Eq. (3.6) in powers of L the hrst order terms will give the dipole 
interactions, where the dipole moment is 




(3.9) 


It is worth noting that the noncommutative dipole gauge theory under the parity is 
not invariant and as expected the matter held with dipole length L is mapped into the 
theory with dipole length —L, while under charge conjugation and also time reversal the 
theory remains invariant, i So, the dipole theory, with the dipole lengths Li under CP 
(as well as CPT) is mapped to another dipole theory with —Li. @ However, we will argue 
momentarily that this CP and CPT violation is only observable in very particular cases. 
We would also like to comment that the dipole moment Eq. (3.9) under both parity and 
charge conjugation change sign and hence invariant under CP. 

Along our previous discussions the propagator for fermions and the gauge fields in the 
dipole case is the same as the commutative case. However, as it is seen from Eq. (3.6) 
the interaction vertices of the noncommutative dipole gauge theory (with “fundamental” 
matter) compared to the commutative case, involve an extra dipole dependent phase factor, 
g-ip L (^-^vherep is the in-going gauge held momentum). Performing loop calculations, since 
only the momentum of the gauge held appears in the noncommutative phase factors, the 
noncommutative dipole phase factors never contain the momentum running in the loop. 
Therefore, we do not face any non-planar diagram in our noncommutative dipole theory 


^ Similar to the Moyal noncommutative case [14,15| we can have another type of fermion (or 
covariant derivative): 


= dfj.'ip' -h igi^' * Afj. = + igA^j,{x + ^(x) . 


The xp and xp’ type fermions are related by parity transformation, while the two types of fermions 


in the Moyal NCQED are related by charge conjugation [15|. The gauge transformation for the 
xjj' type fermion is xp' ^ xp' * U~^. 

^ The parity, charge conjugation and time reversal are dehned in the same way as the usual 
commutative theories. 

^ Also note that the in the noncommutative dipole theories Lorentz symmetry is “softly” 
broken. 
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coupled to the fundamental matter and hence, there is no IR/UV mixing phenomenon. In 
particular, the fermion and gauge particle one loop two point functions are not altered by 
the dipole length at all. As for the fermion-gluon vertex, the noncommutative dipole phase 
factor will appear just in front of the loop integrals. Consequently, all the loop integrals are 
the same as the commutative case and hence the /3-function of the held theory is the same 
as the commutative case. Furthermore, the dipole vector L do not receive any quantum 
corrections. 

It is straightforward to check that the noncommutative dipole gauge theory is invari¬ 
ant under BRST symmetry. The corresponding BRST transformations are obtained by 
inserting the dipole star product Eq. (2.1) into the commutative expressions. The ghost 
held and the BRST generators have zero dipole lengths. Therefore, the above one loop 
argument ensures the renormalizability of the theory. 

One may wonder now that the dipole length L is not appearing in the loop dynamics 
of the gauge theory, it may be removed by a held re-dehnition as: 

- ^) = ■ (3.10) 


Then it is easy to check that the theory written in terms of A is exactly the usual gauge 
theory. This held re-dehnition can be understood in a more intuitive way. As we know 
m , by a translation in the origin of the coordinate system, any point like 2"'-pole looks 


as a bunch of 2"^-poles (m > n). In particular our charged-dipole like particle can be 
viewed as a pure charge in a translated frame. This is just equivalent to the above held 
re-dehnition. 

Note that the above held re-dehnition can remove the dipole length L when we have 
only one kind of particle. If we allow particles of diherent dipole lengths, this simple held 
re-dehnition will not work. However, it is not hard to see that, if we have a gauge theory of a 
simple group the CP (and CPT) violating phase factor, even if we have fundamental matter 
helds with diherent dipole lengths, is not observable at tree level. As an explicit example 
consider the “noncommutative dipole” QED with electron and muon which have dipole 
lengths Le and respectively. It is straightforward to check that our renormalizability 
argument is not ahected. Now consider the e — fi scattering, the scattering amplitude 
picks up a phase factor of where p is the momentu m of the exchanged photon. 

Although we have a non-trivial dipole phase factor, it will not appear in the cross sections. 



i.e. having different dipole lengths is not enough to make the dipole effects traceable. B In 
order to observe noncommutative dipole phase (for fundamental matter) in the tree level 
cross sections, we need to fulfill two other conditions: (1) We should take a semi-simple 
group, and (2) we should allow particles to have different dipole lengths for different simple 
group factors. 

These conditions can easily be satisfied in a noncommutative dipole version of the 
usual Standard Model, and then the CP and CPT violating phase factor could in principle 
be observable in the e — scattering. 


3.3. Adjoint noncommutative dipole matter fields 

Besides the matter fields in the fundamental representation one can introduce the 
matter field in the adjoint representation, with the covariant derivative defined as 

-I- ig{Afj_ *(j)- A^fi) 


= dafi + ig 


Af^ix - - (l){x)Af,{x + 


(3.11) 


and as usual the cf) field under gauge transformations should transform as 




(3.12) 


As it is seen from Eq. (3.11) if we start with SU(N) gauge group, i.e. (/>, A^ G su{N), in the 
interaction vertices we will have both the completely symmetric and anti-symmetric su{N) 
tensors (usually denoted by d°‘^^ and respectively). The appearance of factors, 
to make the theory “renormalizable”, eventually will force us to include the central U{1) 
factor. In other words, in the noncommutative dipole theory with the adjoint matter, it is 
not possible to have a SU[N] theory while U{N) is possible. We would like to note that 
this case is actually what we find from string theory. 

Hereafter we restrict ourselves to the U{1) case. The dipole moment of the adjoint 
matter with dipole length L, as we expect, is twice bigger than the fundamental matter. 
It is worth noting that in this case, since the dipole is lowest pole present (there is no pure 
charge), the field redefinition through simple translation does not work. One can check 

^ We should mention that this is not the case if we consider loop effects. In particular consider 
the noncommntative dipole version of the Hydrogen atom with Le and Lp for electron and proton 
dipoles, respectively. The Le — Lp will appear in the potential term (which can be thought of 
summing the whole ladder) in the corresponding Schrodinger eqnation and this will change the 
spectrum. 
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that re-defining A^{x — ■§) — A^{x -|- -1) as the new gauge field, we will lose the simple 
gauge transformations rule for the re-defined gauge field. (Or equivalently the gauge theory 
action will not look as simple as .) 

The fermion-photon vertex in this case is obtained by replacing the exponential non- 
commutative dipole factor of the fundamental matter, by 2i sin ip ■ L. Here we present the 
results of loop calculations and the renormalizability for the U{1) case, and the full and 
detailed study of the noncommutative dipole theories with adjoint matter is postponed to 
future works . One should note that for the noncommutative dipole QED (with adjoint 
matter), the corresponding commutative theory is trivial, it is just an uncharged particle 
plus a pure U{1) theory. 

One loop photon propagator 

Upon insertion of the dipole sine factor, the photon self-energy diagram is multiplied by 
the factor of —4 sin^(^p ■ L) (times the usual QED result coming from the fermion running 
in the loop). In other words the noncommutative dipole factor will not enter into the loop 
integral. So, the divergent part of this diagram will show the same tensorial structure as 
the usual QED and hence the gauge invariance is guaranteed. However, because of this sine 
factor now the renormalization factor for the photon field, Za, is multiplied by a factor of 
—4 sin^ ip ■ L. In other words, to absorb the divergences, besides the usual F^,^F^^ type 
term we should add F^jy{x — ^)F^’'{x -t- -|) type counter-terms. At higher loop level still 
the counter-terms needed, can be expressed in terms of F^^, but in a more non-local way 
(similar to the Eq. (3.5) ). 

One loop fermion propagator 

In the noncommutative dipole QED (with adjoint matter), there is only one diagram which 
contributes to the one loop fermion two point function. Here the noncommutative dipole 
factor will enter into the loop integrals, i.e. we have planar and non-planar diagrams. The 
planar part is essentially the same as usual QED, while the non-planar part is finite and 
there is no IR/UV mixing. 

One loop fermion-photon vertex 

The only diagram that contributes to the fermion-photon vertex contains both planar and 
non-planar diagrams. Again (up to some numeric factors) the divergent part (coming from 
planar diagram) is the same as usual QED, and the non-planar part is finite. 

All together, the above mentioned theory is a sensible theory (in the same spirit as 
discussed in sub-section 3.1), however the /3-function is different from the usual QED. 
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The theory is in fact asymptotically free (note that there is an extra factor of i in the 
expression for the vertex). Moreover, nnlike the Moyal noncommutative gauge theory 
where the noncommutativity parameter 6 do not appear in the /3-function explicitly, in 
the noncommutative dipole case, dipole length L will enter into the expression for the 
/3-function. However, the dipole length itself is not receiving any quantum corrections. 


4. Supersymmetric Noncommutative Dipole Gauge Theory 

Having dehned noncommutative dipole gauge theories, one can check that it admits 
a supersymmetric extension, though the maximal supersymmetric case is now A/” = 2 in 
four dimensions (8 supercharges). To see this we recall that, as discussed earlier, the gauge 
helds should appear with zero dipole lengths and supersymmetry requires that all the helds 
in the vector multiplet to have the same dipole length. Therefore the 13 = 4, A/” = 4 case 
which only contains the vector multiplet does not admit a non-trivial dipole extension, 
i The A/” = 4 vector multiplet, in the Af = 2 language can be decomposed as a vector 
multiplet -|- a hyper multiplet. So, the hrst possibility arises when we allow the Af = 2 
hyper multiplet, which is of course in the adjoint representation of the gauge group, to have 
a non-zero dipole length (while the vector multiplets still have zero dipole lengths). From 
the Af = 2 point of view, the dipole length of the hypermultiplets can be understood as a 
new (dimensionful) moduli of the theory. In other words, the dipole version of A/” = 4 can 
be understood as a perturbation of the commutative Af = 4 case by dimension hve (and 
higher dimensional) operators. Such a perturbation will break the SU{4) R-symmetry. For 
the case that the two chiral multiplets in the Af = 2 hyper multiplet have the same dipole 
length, the R-symmetry is broken to SU{2)r x SU{2)l x 17(1), i.e. an A/” = 2 theory. We 
note that the specihc Af = 2 theory described above, in the zero dipole length limit goes 
back to a A/” = 4 theory and therefore, this theory may be understood as a noncommutative 
dipole extension of A/” = 4 gauge theory. In fact, in the next section we will present the 
brane conhguration which exactly leads to this noncommutative dipole SYM theories. 

Of course one can consider the theories with lower SUSY, by further breaking of the 
R-symmetry. This is possible by assigning different dipole lengths to the chiral matter 
helds. 

® We would like to comment that this is not the case with the Moyal noncommutative gauge 
theory, which admits 16 SUSY extension. In that case using the Seiberg-Witten map, the non¬ 
commutative theory, can be understood as the commutative theory perturbed by a dimension six 
(and higher dimensional) operators which all preserve SU{4) R-symmetry fl^. 
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5. String Theory Realization of Noncommutative Dipole Theory 


In this section we will stndy how to embed the noncommntative dipole theories in 
string theory. This issne has been discnssed earlier in |1T^ , pT[| . When we orient the back¬ 
ground Bns field so that it has only one leg parallel to the brane then the low energy 
theory on the world volume is a noncommutative dipole theory. 

First we show how the dipole star product Eq. (2.1) arises in the twisted compactified 
string theory. Then we present the supergravity solutions corresponding to T-dual of D2- 
brane with a twisted compactification |]T^. Here we will concentrate on a special twist 


which preserves eight supercharges. Taking the near horizon limit allows us to study the 
UV and IR behaviour of the large N limit of the supersymmetric noncommutative dipole 
gauge theories. As an alternative way, we study a D3-brane probing a Taub-NUT with a 
particular B^s background [|^ and discuss the similarities and differences between the 
two approaches. 


5.1. Dipole star product from twist 

Consider a D2-brane along 012 directions with the following “twisted” compactifica¬ 
tion 

6 

{xoi2,X3, X3+a) ^ (a:012, X3 27rR, ^ ObaX3+a), (5.1) 

b=l 

where a = 1,...,6. The explicit form of O is given by O = e ^ where M is a finite 
matrix of the Lie algebra so(6) = su(4) with dimensions of length. Under the action of O 

dXa = DabXbdX3, (5.2) 


where O = 27riM/a'. The rank of O determines the number of supersymmetry preserved. 
In U was of rank 4 and therefore the model had no supersymmetry. 0 We shall take 
O with rank 2 preserving M = 2 SUSY. The low energy effective field theory of the above 
brane configuration, after a T-duality in third direction, is a noncommutative dipole theory. 
To see this, we review and expand the arguments of showing how the dipole product 
can be derived from the above twist analysis. First we note that the dipole product of 
Eq. (2.1) can be equivalently written as 


((/>! *^2){.X) 



<f>l{xi)(f>2{x2) 


Xi=X2=X 


(5.3) 


The Melvin twisted compactification of Matrix Models have also been discussed in | R ]. 
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which tells us that inserting a phase 


with the requirement Li = 0 = Pj^ ® front of terms like 

tr[(j)l{Pl)MP2)--(i>n{Pn)] , 


(5.4) 


(5.5) 


will generate the noncommutative dipole theory from a given commutative theory. 

To show how the phase factor Eq. (5.4) arise from the twist analysis, we consider 
D2-branes probing the twisted background Eq. (5.1) . For simplicity we can assume the 
twist acting on only two coordinates Z ~ xq + ixr as Z in terms of our previous 

notation, Q, a = flR. In the presence of the twist, going round the compactihed circle, 
open strings can gain a non-trivial “winding” number along the Z directions. This winding 
is then an integer multiple of a, the twist angle. Following |]l^, we call this winding as 
Z-charge. Now, let us consider n interacting open strings with winding numbers rci,..., Wn 
(around the x^ direction) and with Z-charges qi ,..., Qn- The scattering amplitude for these 
n open strings is equal to the zero twist case, but, now we should also insert the total 
phase of 




< i < j < n 


WiQj 


(5.6) 


We would like to stress that to have a meaningful twisted compactihcation, we should 
conhne the scattering amplitudes to those which respect the symmetries need for twisted 
compactihcation of Eq. (5.1) . This means that in our twisted string theory only the 
scattering processes with the vanishing total windings are allowed. In other words, besides 
inserting Eq. (5.6) phase factor we should also restrict them to 


'^Wi = 0, ^5^ = 0. (5.7) 

i=l i=l 


Now, we make a T-duality in xs direction according which, we should replace Wi with the 
momenta in third direction and the Z-charges with the dipole length Li (more precisely, 
Li = Rqi, where R = ^ is the compactihcation radius after T-duality). So upon the T- 
duality, Eq. (5.6) will produce the looked-for phase factor of Eq. (5.4) . It is worth noting 
that, all the dipole vectors obtained in this way are along the T-duality direction, 
moreover the ratio of the dipole length for diherent helds can only be a rational number. 

® The necessity of these requirements from the noncommutative dipole held theories side have 
been discussed earlier. 
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We would like to point out that in order to find finite dipole lengths in the R ^ oo 
(decompactification) limit one should send the twist angle, a to zero. However, this is 
compatible with the gravity decoupling limit, which we will discuss in the next part. 

However, one should note that in the low energy effective field theory of the above 
twisted open strings, all the possible qi should be considered, i.e. if the lowest dipole lengths 
for a twisted string is denoted by L, a field can have all the integer multiples of this dipole 
length. More precisely, this low energy theory is a special case of noncommutative dipole 
theory we introduced and studied in previous sections. For example, in the (j)'^ case, in fact 
the potential that we find from the above analysis is 

Af;(i,V)(x-^)(^V)(x+^). (5.8) 

Q=0 

If we just ignore the higher Z-charges, and start with the lowest dipole lengths, these 
terms will be generated through loop effects. From the field theory point of view this 
means that in order to regularize the theory, although we do not require new degrees of 
freedom, we need to add some non-local counter-terms; i.e. if we start with a dipole length 
corresponding to qi = a as the lowest dipole length in the above notation, then the non¬ 
local counter-terms would involve all the integer multiples of a. Note that a twisted string 
with multiple windings should not be treated as a new degree of freedom (a new field). 


5.2. Supergravity background 


The supergravity solution which shows a D3-brane probing the above twisted geometry 
can be obtained by starting with a D2-brane and making a T-duality in the third direction 
m- Noting the definition of the twist, the “genuine” distance scale is dxa — 5xa which 


gives rise to the following background metric 


ds^ 



dxj \ 

l + (nx)2y 



{dx.VtxY \ 
1 -I- {flx^ ) 


(5.9) 


In the above we have made x^ dimensionless by putting R = Ig = 1 where R is the radius 
of the compact xs direction. The twist O also generates a Bns field given by 


Bsadx a 


flx.dx 
1 -I- (Oa:)2 


(5.10) 


It is worth noting that under the four dimensional parity transformation the above B-field 
will change sign. (This is not the case with the Moyal case where B has two legs along 
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the brane and hence does not change sign under parity.) So, the noncommutative dipole 
theory that we obtain in presence of the above B-£eld is parity violating. 

Since the noncommutative dipole theory is a decoupled theory the near horizon ge¬ 
ometry determines the gravity dual of the theory. In fact the decoupling limit is obtained 
by a' —0 while keeping O hxed. In terms of O the dipole lengths L ~ a'QQ, where Q is 
an integer determining the winding along the twisted direction. Therefore, the non-trivial 
dipole effects only appear from the large Z-charges, or in the Eq. (5.8) through the terms 
with large Q {a'Q = fixed). Writing Xa = rua with ||na|P = 1, the near horizon metric is 


ds^ 




— du^ 


v? -I- (On)^ 




(fln.dn)'^ \ 
+ (On)2/ 


(5.11) 


where u = 1/r. Observe that the metric is a deformed AdS and a deformed . Deformed 
AdS shows that the theory is no longer conformal which is expected because there is an 
inherent scale — the dipole length — in the theory. Deformed sphere tells us that the R 
symmetry is no longer SO{Q). In fact from the metric its clear that, taking a rank 2 twist, 
the R-symmetry is SU{2) x SU{2) x U{1). The behaviour of the NSNS two form is given 
by 


^ BsadUa 

a 


Vtn.dn 
-I- (Dn)^ 


(5.12) 


In the near horizon this held breaks Lorentz invariance explicitly on the world volume 
theory. The dilaton behaves as 


p2(0-0o) ^ ^ 

V? -I- (On)2 


(5.13) 


(a) IR physics 

The parameter u determines the RG scale of the theory. Therefore the IR corresponds 
to large u. For large u the background is AdS^ x and hence the noncommutative dipole 
theories are determined from SYM by perturbing it by a dimension 5 operator [|T0|, [TT[| 


9 ym 


+ fermions^ , 


(5.14) 


K 


where I, J = 1,.., 6 are R-symmetry indices, (j)^ are the scalars, is the covariant deriva¬ 
tive with respect to gauge helds of held strength F^i, and [....] is complete antisym- 
metrization. The operator Eq. (5.14) transforms in the 15 of the R-symmetry group 
SU (4). As expected, the dual of this operator in supergravity is our rank two held Bns 
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transforming as 15. The other correspondences from supergravity for the held theory at 
far IR have been worked out in . 


(b) UV physics 

The UV physics appears on the gravity side when we go near the boundary or equiv¬ 
alently when ti —0. Something interesting happens now. From the form of the metric 
we see that some of the components vanish. In fact the hbered circle of the deformed 
— which is a hbered over a base CP^ — shrinks to zero size. T-dualising along that 
direction we obtain the metric 


ds^ = ^[dsl^2u - (dxs + Ld'jf] - d-f 
u 


2 j 2 

dS(jp2 , 


(5.15) 


where 7 is the circle coordinate. The dilaton is a constant and there are non-trivial H^s 
and four-form backgrounds. 

The above form of metric makes explicit the non-local nature of the underlying held 
theory: 

(i) The proper distance between two points ( 0 : 3 , 7 ) and ( 0:3 -|- 27rL,7) is 27r which is of 
stringy scale (we have taken R = Ig = 1). 

(ii) The proper distance between two points ( 0 : 3 , 7 ) and (X 3 -|- A, 7) when A is not an 
integer multiple of L is > cx). 

This should be compared with the similar case that we observe for the noncommutative 


Moyal theory. The metric along the noncommutativity directions 0 : 2 , 0:3 goes as [p0| , pl 

ds'^ = ^.{ dx\ -H dx'l) , 




(5.16) 


where 9 is the noncommutativity parameter. At the UV, i.e when n —> 0, the metric 
shrinks to zero. Assuming 0:2,3 forming a torus, Ii we T-dualise the above metric to get 


ds^ = -^(9dx2 + dxs)^ , 


(5.17) 


which is of the same form as Eq. (5.15) . Also observe that from Eq. (5.15) we actually 
restore the 4 dimensional superconformal invariance. This was also seen from some related 
held theory loop calculations in the earlier sections. Before we end we note that the 


problem regarding T-duality and fermions which appeared in because of the non- 
SUSY background, will not appear here. 


This will avoid the IR problems also. 
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5.3. Noncommutative dipole theories from Taub-NUT background 


In |]^ another way of stndying noncommntative dipole theory was developed. It was 
shown that when we place a D3-brane near the origin of a Tanb-NUT space and switch on 
a Bns backgronnd which has one component along the D3-brane and another component 
along the shrinking cycle of the Taub-NUT the low energy theory on the world volume of 
D3-brane is a noncommutative dipole theory. Below we mention the steps. 

Consider a D3-brane oriented along xq, xi, X 2 , X 3 and orthogonal to a Taub-NUT space 
along X 6 ,..., xg. In the absence of a S held the metric of a Taub-NUT space probed by a 
D3-brane is non-singular in a good coordinate system u', and is given by 


ds^ = /2 + /2^^['^'545 + + u'^dVt^ -|- u'‘^{dxQ -|- BQidxi)‘^] (5.18) 

with /2 = u'‘^ in the near horizon limit. 

Let us now switch on a B^s held with one leg oriented along the brane. If the 
asymptotic value of the B^s field is b and 


h ^ = sin‘^6 -|- ficos‘^9 


(5.19) 


then the classical SUGRA background for the system is given by 

ds^ = / 2 '~^^^[dsoi 2 + fi/idxg] -I- / 2 ^^[(is 45 -I- du'‘^ + u'‘^dVL^ -\- h{dxQ + BQidxi)'^] (5.20) 


where fi = u'~‘^ in the near horizon limit. The above metric goes to a hat one asymp¬ 
totically. Using the good coordinate system u', the D3 probes a smooth Taub-NUT space 
with a Bns held. Therefore from the above analysis we expect that the metric component 
5 f 33 in Eq. (5.20) is given, for small values of 6 , by 

^733 = (5.21) 


To compare this to Eq. (5.11) we have to identify u = 1/u'. Under this identihcation the 
components look similar if we replace | On | with b. To see whether this is a generic 
phenomena with our background we have to identify the other components of the metric 
and the NSNS held. The background B'j.^^ held is given by 


B' = h tanO dxs A {dxQ -|- B^idxi) 


dx2, A (dxe + Beidxi) 

+u' ^ 


(5.22) 
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This is the same as Eq. (5.12) if we replace | On | with b. Now let us check for the metric 
along the sphere direction. The components qqq and gjj (and also ger) have coefficients 


A = 


1 


u 


1 + + 6 ^ 


(5.23) 


which is again same under the above replacement. Finally its easy to check that the dilaton 
also behaves in the expected way. 

One last thing to identify is the nature of the dipoles in the noncommutative dipole 
theory. This can be argued in two ways. First is directly from D3 probing the Taub-NUT 
with Bns- In the dipoles in these theories were identihed with rotating arched strings. 
These strings have angular momentum along (say) xq, Xf directions and they rotate in the 
background three form held The D3-brane, as usual, is stretched along xoi 23 - The 

system is stable because the tension of the string is balanced by the outward pull due to 
the rotating string in H background. The identihcation is now clear from the fact that 
R-symmetry corresponds to the simultaneous rotations of the 6 — 7 and 8 — 9 planes by the 
same angle. The dipole length in this case will be determined by the angular momentum. 
The fact that interactions of these strings should preserve the internal angular momentum 
implies that Li = 0. However this simple classical picture is valid in the limit of large 
b. Otherwise we have to take into account the radiative corrections for the metric and the 
R-helds radiations. 

The second is from the T-dual version of the above model. As we know, the T-dual 
picture is a NS5-brane oriented along g D4-brane along x®d,2,3,6 ^6 jg 

the compact direction. The directions are on a slanted torus and therefore the D4 

comes back to itself with a shift along x^. The strings connecting the D4 across the NS5- 
brane are expected to form dipoles and are charged under (N, N) of the gauge group U{N). 
Therefore they transform as an adjoint. Its also clear from the brane construction that the 
vectors do not pick up a dipole length. Recall that this is what we need from our earlier 
discussions on adjoint matters. However if the matter is in the fundamental then we expect 
product gauge groups to have a non-trivial noncommutative dipole theory. This also can 
be easily seen from multiple parallel NS5-branes on the x^ circle with D4-branes along 
that circle. In the original model this corresponds to a multi Taub-NUT probed by D3- 
branes. The non-conformal extension of this is to probe the background with integer and 
fractional D3-branes. Existence of fractional D3 branes gives rise to a scale in the theory. 
And therefore there would be logarithmic RG flow. Switching on further Rjvs fields will 
generate dipole lengths of the fundamental matters on the D3-brane with product gauge 
groups. This would then be a realization of the noncommutative dipole theory with a RG 
flow. 


18 






Therefore from the above detailed analysis we can conclnde that the noncommntative 
dipole theory generated nsing a Tanb-NUT backgronnd is an approximation of the one 
generated nsing a twist (when we take the twist metric to have a rank two). This is 
enconraging becanse the Tanb-NUT backgronnd is nsefnl to do BPS analysis and now 
nnder this identihcation it can therefore be extended to the twisted case too. However this 
simple identihcation doesn’t extend (as far as it seems) to higher rank twists. 


6. M-Theory Realization 

As discnssed in the introdnction, the oriented Bns fields give varions new theories. 
These theories can also be realized from M-theory by keeping a M5 brane near a Tanb-NUT 
singnlarity and switching on an appropriate field. The M5-brane is oriented along 

^.o, 1 , 2 , 3 , 4,5 -g orthogonal to a Tanb-NUT space along a; 7 , 8 , 9 ,io ^7 jg ^j^^g Tanb- 

NUT circle. The noncommntative dipole theory can be generated from a M5 brane with 
a C field having two components /U, z/ = 4, 5 along the M5-brane and the other component 
p along the Tanb-NUT circle . 

When the external parameters are carefnlly chosen this leads to a deconpled noncom¬ 
mntative dipole theory in six dimensions. The limits of the external parameters are: 

(7 —e, R 7 —e, Mp e~^, (3 > 1 (6-1) 

In this limit the energy scale of the excitations of the M5-brane is kept finite whereas 
the other scales in the problem are set to infinity. This deconpling is kinematical. For a 
different scaling of external parameters 

C — finite, R-j finite, Mp 00 , Riq 0 (6-2) 

we get a dynamical deconpling. This deconpling is in the same spirit as the little string 
theory. 

However in both the cases above we have kept the valne of C very low. An interesting 
case is when C ^ 00 and we remove the M5-brane from the pictnre. It tnrns ont that if 
we consider the following limits: 

C ^ 00 , Mp 00 , MpC~^ fixed (6-3) 

with the identification that the M-theory circle is now x'^ we get a 6 -|- 1 dimensional 
noncommntative YM theory whose conpling constant 

= M~^C = fixed (6.4) 
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This limit is consistent with (and in fact it’s the same as) the limit studied by Seiberg- 
Witten. The exact limits which give us a noncommutative 6 + 1 dimensional theory is: 


C 


,-1/2 




; i ?7 —>• constant, g 


M 

/li/ 


,2/3 


(6.5) 


where ( 7 ^ is the dimensionless M-theory metric. However, as discussed in , unlike what 
is naively expected, the theory is not decoupled from gravity. 


7. Other Kinds of *-Products 


In the above sections we discussed about the new kind of *-product coming from 
noncommutative dipole theory. This *-product, as opposed to noncommutative theory, 
doesn’t affect the underlying space-time. But as seen from the supergravity point of view, 
these theories share the non-local behaviour at the UV region. 


An interesting extension is the idea of nonabelian geometry . The derivation of the 
nonabelian *-product takes into account both the noncommutativity of space-time and the 
dipole nature of the open strings. The two ends of these dipoles he on noncommutative 
spaces with different fluxes on them. Interaction of these dipoles can be thought of as 
interactions between the center-of-mass of these dipoles. 

The end points of the dipoles are labelled by xi and X 2 respectively and each of the end 
points see different noncommutativity parameter and Qj. These O’s can be transformed 
as canonical forms 

O, = T,JT^ (7.1) 


where J is a canonical matrix From the above decomposition the center-of-mass of 
our dipole turns out to be: 


X, = (Tr^ + 


(7.2) 


This choice of center-of-mass changes the interaction matrices and therefore affects the 
^-product for this theory as: 


(^5 = exp ( )T 5 (a:')$i(x") 


' dx"^ 


jk'" 


where S is dehned in | 2 ^ and can be given in terms of Ti as: 


T-i + t; 




-1 


-1 


J 


1 1 X T.(-l) 

T-^+T-^\ 


(7.3) 


(7.4) 
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The above *-product Eq. (7.3) can be interpreted as the star prodnct for multiple branes 
having different noncommutativity parameter on them. The quantity J is the usual non¬ 
commutativity 0 (due to B held) and T^’s are due to the non abelian nature. Eq. (7.4) 
therefore encodes this intertwining clearly and there is no way to separate them . 


7.1. Embedding in String Theory 


From the above constructions of the nonabelian theory it would seem difficult to 
have supersymmetric brane conhgurations with different huxes on their world volumes. 
However there are two interesting conhgurations which require diherent huxes on their 
world-volumes to be stable: 

(i)A pair of D5 — D5 wrapped on two cycle of a conifold. The absence of tachyons in this 
system require different huxes bi on their world-volumes. The zero point energy of a string 
connecting them is 



(7.5) 


with n being the shift in the mode number given by 


2niu ^ {1 - ibi){l + ib2) 
(1 -F ibi){l - ib2) 


(7.6) 


Using the right GSO projection one can show that the tachyon in this system becomes 
massless. For this system one can show that the *-product simplihes as 


'4^ij *ijk (t^jk ~ '4^ij 4^jk 


(7.7) 


where *j is dehned in terms of Tlj = Sljj.jj. 

(ii)A pair of Dp — Dp in hat space with world-volume magnetic and electric helds turned 
on. This system is | BPS because in the presence of these helds the SUSY preserved by 
both branes and anti-branes are same as long as the magnetic helds come with opposite 
sign. This construction has been discussed in details in [p6| . 


8. Discussions and Open Problems 


Motivated by string theory brane conhguration, where a D3-brane is probing the 
“twisted” geometry of Eq. (5.1) or a D3-brane probing a Taub-NUT space with a B- 
held turned on, we studied the noncommutative dipole held theories (NCDFT’s) in more 


10 


Multiple noncommutativity on the branes were hrst discussed in 


in connection with 


conifold geometry, and in |^], for parallel branes in a slowly varying background held. 
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detail. Besides the string theory, there are some strong motivations from the nsnal particle 
physics: charged leptons, nentrinos and neutron and proton have non-zero electric dipole 
moments [^. Furthermore the existence of an i nh erent electric dipole moment is a sign 
of CP violation. In fact, as we discussed, the noncommutative dipole gauge theories we 
have studied here in some particular cases show signs of CP and even CPT violation. 

With the above motivations we introduced the C'*-algebra of functions with the ap¬ 
propriate dipole star product Eq. (2.1) . Then, studying the renormalizability of noncom¬ 
mutative dipole theories, we showed that there is no IR/UV mixing in this case. 

As the hrst open question to mention here, it would be very interesting to build up 
a full dipole version of the Standard Model. In this case, unlike the Moyal case it 


is possible to have SU{N) noncommutative dipole theories with the fundamental matter 
helds, and building such a model is more straightforward. Furthermore, we do not face 
charge quantization problem of the Moyal noncommutative QED |^,^. In the dipole 
version, although the Lorentz symmetry is broken, we have the advantage that the theory 
is still under control and we have a sensible held theory. In particular, we would like to 
mention the possibility to consider the neutrinos as an adjoint matter held under the dipole 
version of QED. 

The other interesting problem we would like to address here is solitonic and topological 
solutions of the NCDFT’s. As we discussed , the dipole star product will not appear in 
the dipole- scalar and pure gauge theories and hence here we do not hnd the solutions 
of Moyal noncommutative theories discussed in Ref.[29|. However, the noncommutative 


dipole version of the ’t Hooft-Polyakov monopole solutions will keep traces of the dipole 
deformation. It is straightforward to show that the BPS monopole equations in the dipole 
case reads as 

R“(x-|)=±(D$“)(x), (8.1) 


where Bf = eijkF'^^°‘, a stands for the SU(2) indices and ± corresponds to monopole (or 

anti-monopole) solutions. Then one can check that the solution to the above equation is 

obtained by making the shift, x ^ x ^ in the argument of the gauge held. It is readily 

seen that the monopole charge for this solution ( ^2 $“5“ • dS) would give the same value 

*^00 

as the commutative case. However, this monopole solution besides the monopole charge, 
also carries (magnetic) dipole moment. 

From the string theory point of view the noncommutative dipole theories fall under 
the general framework of studying various theories on the world-volume of D3-branes with 
B^s fields oriented in different ways on the D3-branes. As it is studied in detail here and 
also in when we have a Bj^s field with one leg along the D3 brane and other leg 

orthogonal to it, the low energy theory on it is a NCDFT. However when we orient the 
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B]\fs field completely orthogonal to the D3-brane the world volume theory is the pinned 
brane theory 0. Here the D3 has minimum tension at some point in space (origin of a 
Taub-NUT singularity). The hypermultiplet in these theories are massive. Finally, as is 
well known, when we have both the legs of the Bns held along the brane the world volume 
theory is noncommutative geometry. 
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